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Motivating the Randall-Sundrum 1 (RS1) Model
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The Standard Model + Gravity

- Usual 4D Spacetime - - Standard Model + Gravity -

vector

coordinates: x"=(x°%, x!, x?, x3)

0 = (charge) nt
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The Standard Model + Gravity

- Usual 4D Spacetime - - Hierarchy Problem -

vector

fermiop

Da@
DO . i@h
5@ (“99g0-©
@ 0) I ~ Spin

0 = (charge) nt

coordinates: x"=(x°%, x!, x?, x3)
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The Standard Model + Gravity

- Usual 4D Spacetime - - Hierarchy Problem -
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The Standard Model + Gravity

- Usual 4D Spacetime - - Hierarchy Problem -
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The Standard Model + Gravity

- Usual 4D Spacetime - - Hierarchy Problem -

Mpy/vEw ~ 5 x 1016

How??

coordinates: x"=(x°%, x!, x?, x3)

vpw = 0.246 TeV
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The Randall-Sundrum 1 (RS1) Model

- Usual 4D Spacetime - - 5D Randall-Sundrum 1 Spacetime -

A five-dimensional (5D) gravity theory with nonfactorizable geometry
intro’d by Randall & Sundrum in 1999 to solve the hierarchy problem.

4 y
/[ [/ [/
T //__//, // // = TeV Brane (y = mtr)
/7777 7 7 =
/[T 777 // 7 c Bulk
oy P Planck Brane (y = 0)
coordinates: x=(x°,x*,x*, %) coordinates: xM = (x*,y)
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The Randall-Sundrum 1 (RS1) Model

- Usual 4D Spacetime - - 5D Randall-Sundrum 1 Spacetime -

A five-dimensional (5D) gravity theory with nonfactorizable geometry
intro’d by Randall & Sundrum in 1999 to solve the hierarchy problem.

y y
/ N/ /

[T T 77 /://, AN bl

/77T 7 7 >
ST T // 7 o Bulk
L L L/ bod [ [/ Planck Brane (y = 0)

coordinates: x*=(x°, x!, x?, x3) coordinates: xM = (x4,y)
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The Randall-Sundrum 1 (RS1) Model

- Usual 4D Spacetime - - 5D Randall-Sundrum 1 Spacetime -

A five-dimensional (5D) gravity theory with nonfactorizable geometry
intro’d by Randall & Sundrum in 1999 to solve the hierarchy problem.

y y
/ N/ /

[T T 77 /://, AN bl

/77T 7 7 >
y // ; - Bulk
L L L/ bod [ [/ Planck Brane (y = 0)
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The Randall-Sundrum 1 (RS1) Model

- Usual 4D Spacetime - - 5D Randall-Sundrum 1 Spacetime -

A five-dimensional (5D) gravity theory with nonfactorizable geometry
intro’d by Randall & Sundrum in 1999 to solve the hierarchy problem.

4 y
/[ SV [/
[T T 77 /://, AN bl
/(7777 /7 :
y // ; - Bulk
L L L/ bod [ [/ Planck Brane (y = 0)
coordinates: x*=(x%, x*, x?, x3) coordinates: xM = (x*,y)
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The Randall-Sundrum 1 (RS1) Model

- Usual 4D Spacetime - - 5D Randall-Sundrum 1 Spacetime -

A five-dimensional (5D) gravity theory with nonfactorizable geometry
intro’d by Randall & Sundrum in 1999 to solve the hierarchy problem.

4 y
[ [/ /

/ / / / = |y TeV Brane (y = mtr,)

L/ yrsome 5=

/ /S S S S /[ [/ =

y 4 //_// / - Bulk
coordinates: x“% (x2, xt, x%,x3) coordinates: x™ = (xH,y) Planck Brane (y ) 0)
UVEW M Pl € —7kre kT : 2
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5D-to-4D: 4D Particle Content in RS1

=

5D RS1 Graviton
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5D-to-4D: 4D Particle Content in RS1

Kaluza-Klein (KK)
Decomposition

%

5D RS1 Graviton

KK Number: n=~0 I n =1 | n =2 |
e L 4. 2
=2 2% 2%

r(x)
Spin-0
“KK Tower”

-----
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Spontaneous Symmetry Breaking

Low Energy

—
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Spontaneous Symmetry Breaking

=
Low Energy

4D Diffeomorphism
Invariance

5D Diffeomorphism
Invariance
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Spontaneous Symmetry Breaking

=
Low Energy

4D Graviton Scattering
0

E? s
~ -
T2 2

0

4D Diffeomorphism
Invariance

5D Diffeomorphism
Invariance
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Spontaneous Symmetry Breaking

=
Low Energy

4D Graviton Scattering
0

E? s
~ -
T2 2

0

4D Diffeomorphism
Invariance

Massive KK Mode Scattering

5D Diffeomorphism n j E:

n
~ (9(35)

n

Invariance M

n
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Spontaneous Symmetry Breaking

y s cue 4D Diffeomorphism
/ / Invariance
/ /
=gl L
5D Diffeomorphism Cancellations
Invariance 5
M = ~ O(s) == ~ Os)
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Spontaneous Symmetry Breaking

é Low Energy -2

y | L/ E? s
STV /7 [ L LSS Mg, My,
[ /) [ [/ AN
e +m: / 4D Diffeomorphism

// / Invariance
=

5D Diffeomorphism Cancellatlons
Invariance
S | M = j:'i ~ O(s ~ O(s)
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- New Parameterization of RS1 Model -

* Explicit parameterization of 5D RS1 Lagrangian.

* New term to eliminate all “cosmological constant”-like terms to all orders.
* A5D-to-4D formula to obtain 4D Effective RS1 Lagrangian.

- Massive Spin-2 KK Mode Scattering -

Demonstrated O(s) growth in tree-level 2-to-2 massive spin-2 KK mode
scattering in RS1 and the 5DOT.

Derivation & proofs of sum rules (recently generalized to inelastic).

Simultaneously confirmed numerically.

- Analysis of the 4D Effective RS1 Model -
* Confirmation of 5D strong-coupling scale in the 4D effective model.

* Analysis of KK tower truncation on the 4D effective model accuracy.
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From 5D RS1 Lagrangian
to 4D Particle Interactions
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5D RS1 Metric

ds* = G u At da” 4 Gss dy dy £ /J// /

o w(Ty) gu 0 / /
Gun = ( 0 —v(z,y)? ) / //
=0

- Spin-2 Tower -

A

Qm/(il’?; y) — ’f?w/ —+ K'h’ﬁ“/(x: y) NT,Yy) =€ Ylp—aulT E . hT(’E) +k(2)y|—7re)

€
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- 5D RS1 Lagrangian -

L:p =Ly + Loc + AL
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- 5D RS1 Lagrangian -

Lsp = Lgg + Loc + AL

- Einstein-Hilbert Lagrangian -

Lpy = _P\/E R = —px/é GMA [F%F,Ffé@ - F%NFEQI

... implies discontinuous curvature at branes.

T GP(00Gng + OnGrg — 9oGuN)

DO | =

I — 'u,-’(ilﬁ'? y) gp,r_/ O
Gun = ( 0 —v(z, y)?
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- 5D RS1 Lagrangian -

L:p =Ly + Loc + AL

- Cosmological Constant Lagrangian-

Loc=—— { — 122VG + 6kV G (0; ’!}’)]

( bulk CC) + ( brane tensions )

(D51yl) = 2[0(y) — o(y — 7re)]

o w(y) g 0 = w@y) g, O
G = ( 0 —v(x,y)? e 0 0
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- 5D RS1 Lagrangian -

L:p =Ly + Loc + AL

- Total Derivative - Ensures...
e CC-like terms cancel

e 2 derivatives per term
* Derivatives act on
(different) fields

[Dissertation]

- B-Type Terms -
2 extra-dim. derivatives, e.g.

- A-Type Terms -
2 4D derivatives, e.g.

()uh( T, ) ()?,h( T, ) /2( T, )
G (E%)

O,h(w,y) D, h(x,y) hiz,y)
G (E*?)
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5D RS1 Lagrangian: Weak Field Expansion

KT (x)

z\ O

R 2Lyl =)

G (2, ) = 1w + Ky (22, 9)

L:p =Ly + Loc + AL
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G (2, ) = 1w + Ky (22, 9)




- WFE 5D RS1 Lagrangian -

5D WFE RS1 | A % N [
Lagrangian
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- WFE 5D RS1 Lagrangian -

5D WFE RS1 | A % . K [
Lagrangian -

Kaluza-Klein (KK) Tower
KK Number: - : n=1 |

h hru_]/(ﬂj: y)
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- WFE 5D RS1 Lagrangian -

5D WFE RS1 | A % . K [
Lagrangian -
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- WFE 5D RS1 Lagrangian -

5D WFE RS1 | A % . K [
Lagrangian -

Kaluza-Klein (KK) Tower
KK Number: n =~0 I n=1 |

KK Decomposition
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- WFE 5D RS1 Lagrangian -

5D WFE RS1 g
5D =
Lagrangian

July 24t 2020 D. Foren — Defense 34 of 95



- WFE 5D RS1 Lagrangian -

5D WFE RS1 r
. '5]:)
Lagrangian

KK decomp.

Integrate
extra dim.
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5D WFE RS1 Lopy =

Lagrangian

KK decomp.

Integrate
extra dim.

Interactions
b/w 4D states

July 24t 2020

- WFE 5D RS1 Lagrangian -

"VERTEX

X

6(E*?)) [VERTEX

O

y &

(VERTEX B(E*2)

€O

D. Foren — Defense
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5D-to-4D: Example
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5D-to-4D: Example

h X,
NI: Decompose

Y Y > [ r) h () b <m>] [ (1) U () <y>]

[=0 m=0 n=0

4D coordinates extra-dim.
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5D-to-4D: Example

h' h' h

2 o= e S
ZZZ{ '%WWJWWWMM

[=0 m=0 n=

4D coordinates extra-dim.
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5D-to-4D: Example

+o00o 400 +o00

Y Y Y B {) ] " ( ) Q™ (I“)] {U 1Y) Vm (y) Vn(y)

[=0 m=0 n=0

4D coordinates extra-dim.

) T Y T r) ht" (a dy i) Om(y) Only)

[=0 m=0 n=0

coupling integral
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5D-to-4D: Example

+o00o 400 +o00

Y Y Y {] l {) ] " ( ) ]}'(n)(m)] {U!(y) Vi (y) Vn(y)

[=0 m=0 n=0

4D coordinates extra-dim.

Cubic interaction
b/w spin-2 modes

‘3 T Y T K’ é"‘ e 'Z_é"i’* l (U) '2..+’"i? m (U) '2_;{?.”_ (U)

[=0 m=0 n=0

coupling integral

July 24t 2020 D. Foren — Defense 41 of 95



A-Type = Two Regular 4D Derivatives

h h h

two 4D 0, h (x,y) 0, h (x,y) h (x,y) G (E*?)

derivatives —— )
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A-Type = Two Regular 4D Derivatives

h h h

0, Dz, ) O, h(z, z/)h(z )

two 4D

derivatives |_l|_l

ﬁ . + - r

Z Z Z (),uh(/ ( )(),,]?(m)( ) h_(:.-;?z..) (I)] [/ (](/ o —2kly| i /((/) ,,,((/) ,,((/)

/’ (] f{t ( ] f) [ v _:‘T ?'1(_‘_:
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A-Type = Two Regular 4D Derivatives

h h h

tVYO 4D 0. h(z,y) O,h(z.y) h(x.y)
derivatives e

+oo +oo +o0

3777

[=0 m=0 n=

YTT B () 8,0 () b ()

=0 m=0 n=0

+oo 400 +oo
] Almn

7-7(

A-type coupling

July 24t 2020 D. Foren — Defense

G (E*?)

() Yo (y) Y (y)
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B-Type = Two Extra-Dimensional Derivatives

h h h
two extra-dim. Oy h (z,y) 9, h (2, 1) h (2, 1) G (E)

derivatives et )
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B-Type = Two Extra-Dimensional Derivatives

h h h
two extra-dim. Oy h (x,y) 0, h (2, 1) h (2, 1) G (EO)

derivatives et )

4770
|: (/’l (m ) h(u)(‘ )] |:/ (]U F—LLL|U| ()”( ',( )()U m(}) ;,,((j)
0 Ve

=0 m=0 n=
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B-Type = Two Extra-Dimensional Derivatives

h h h

two extra-dim. iz, y) 0,0z, ) bz, y) € (E9)
derivatives

+0o0 400 +00 . +7re
‘3 Y Y T |: (m) 1") h(;?)(r)] |:/_

TTre

[=0 m=0 n=0

[ ( ) £z 7_2 b[’m"-n.

=0 m= O n—= O ¢

B-type coupling
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Relevant Interactions & Coupling Integrals

- Radion Coupling - - Cubic Spin-2 Coupling - | - Quartic Spin-2 Coupling -

h h h h h h h
zj k m
: X
m [ n
Almn bl’ m'n Aklmn bk" 'mn

VERTEX 6(E*?)
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- Radion Coupling -

b m!n'r M@

VERTEX 6(E9)

X




- Cubic Spin-2 Coupling - | - Quartic Spin-2 Coupling -

[ k m
} n
m [ n

(__] z mMn Z)I / m / n ('_! yll’ Z T Z) A’ 4 ] / T

VERTEX 6(E*?)
)

>




B-to-A Rules [PROVED] [l = M7

- Elastic Case -

1 |

__ ol o1 __ 1y ._ 1y
b n'n’j = 5 {Nu )UJ} (Unny bj’ n'n T 5Hjlnng b n'n'nn = 3 HnAnnnn
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B-to-A Rules [PROVED] [l = M7

- Elastic Case -

|

b n'n'nn — 3 HpAnnnn

[Dissertation] - Inelastic Generalization -

2

| I's 1 I's
21 ] 2 2|
b[ O [/ i+ / L m — Hn| %mn b 1 n — G [ M T+ )/ f — M — Hn | Qklmn
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Relevant Interactions & Coupling Integrals

- Radion Coupling - - Cubic Spin-2 Coupling - | - Quartic Spin-2 Coupling -

h h h h h h h
Z ]{j 1
: : X
m [ n
Almn Aklmn

VERTEX 6(E*?)
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Elastic Sum Rules [PROVED] [t = 1,7

B

§ ‘ 2
- ”/ nn
J
% Lillinp =
J

[Dissertation]

Z 4.2 0
- 'u"j ”/ nn
j =
E : 6 2

- u"’j ”/ nn

j =
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Elastic Sum Rules [PROVED]

-

9
Z ”}me
J

{) ;)
u as

4 2
My ”/mz

J
O
Y ulas,,

July 24th, 2020

jnn

= 4Cpnnn + -

(-""'?'?_ nnn

= Unnnn

Nn”nmm

.._) |

4

tun”?m;'m

9 _L

= 20 Iy Cninnn + —Jip Gnnnn
>

D. Foren — Defense
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[y = My T
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Elastic Sum Rules [PROVED] 1005159 (I

[Dissertation]

‘) -
Z ; jnn — Annnn

J

(-""'?'?_ nnn

‘) ‘) —J: ‘)
e ”/nn = S HpAnnnn

___) I

409 4

ﬂ (!/”” — *L( nnnn + ﬂn”?f?f?f?f

J

9 ol 42 16 4
— )Nn ﬂ/”mn = — 3 — HMnlnnnn

| ,__) I

S 00,2 46
N a; / nn — 20 In Cnnnn + 5 Hndnnnn
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Inelastic Sum Rules [PROVED] ioissertation)

Z a'j Kl imn = Aklmn

J
SR
55k jmn = 3 1 Qklmn
j |

4 2\2 2 2 2 2
Z Py @kl @ jmn = AChimn + {_ / ) - (/1*']{, aa )(ﬂ*'m + u*n,)] Ulelmn

g —

iy ¢ 1 ¢ ¢ ¢ ¢
2 : 6 =2 N 2 2 AV 1
H J ikl jmn = 5/1' Cklmn — 5 {6(# k + H )()u*'m + )u*'-n,) + 6(/1*' k + i )()u*'am.. + )u*'-n,)

J =

2 2\3 2 2,73 6 6 6 6
— 4(/1 Lk + Hi ) - 4(/1"7?1 + zu*'-n,) T (;1,. ke + U / -+ Hm -+ ﬂ*n)] ALlmn
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Matrix Elements
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Matrix Element: General Considerations

EXTERNAL  6(?) EXTERNAL  6(?)

EXTERNAL  ©6(?) EXTERNAL  6(?)
) )
" é " é
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External States: Massive Spin-2 KK Modes

A~

EXTERNAL  6(?) R h{™ has 5 available helicities

P v
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External States: Massive Spin-2 KK Modes

The nth massive spin-2 KK mode hfﬁ/) has 5 available helicities

EXTERNAL  G(E°) Bl EXTERNAL O(E'!) Bl EXTERNAL G(E*?) B EXTERNAL G(E*') Bl EXTERNAL 6(E9)

P
o é
22

G (E%) G (E*) G (E*?) G (E*)
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External States: Massive Spin-2 KK Modes

The nth massive spin-2 KK mode hfﬁ/) has 5 available helicities

EXTERNAL  G(E°) Bl EXTERNAL O(E'!) Bl EXTERNAL G(E*?) B EXTERNAL G(E*') Bl EXTERNAL 6(E9)

P
o é
22

G (E%) G (E*) G (E*?) G (E*)
<

Fastest Growth in Energy
whenA=0

July 24t 2020 D. Foren — Defense 62 of 95



Matrix Element: Elastic Helicity-Zero Process

July 24t 2020

EXTERNAL G(E*)

EXTERNAL ©6(E*)

@

D. Foren — Defense

EXTERNAL 6(E*)

EXTERNAL ©G(E*?)

@
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Contact: Elastic Helicity-Zero Process

EXTERNAL 8B(E*?) EXTERNAL ©G(E*?)

Contact Diagram
VERTEX

EXTERNAL ©6(E*) EXTERNAL ©(E*?)

) )
[1906.11098] [2002.12458]
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Radion Mediated: s - channel

EXTERNAL B(E*3) EXTERNAL G(E*3)

VERTEX 6(E%)
O
EXTERNAL G(E*?) | EXTERNAL B(E*?)
P P
(n) (n)
h 0 Radion Mediated h 0
(s-channel)

[1906.11098] [2002.12458]
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Radion Mediated: t - and u - channel

EXTERNAL G(E*2) l VERTEX EXTERNAL B(E*)

Radion Mediated
(t- and u-channel)

EXTERNAL ©6(E*2) W VERTEX EXTERNAL ©(E*?)

P P
[1906.11098] [2002.12458]
}l(?’l) "" ;‘ }L(?l)
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Spin-2 Mediated: s - channel

EXTERNAL B(E*3) EXTERNAL G(E*3)

VERTEX 6(E*?)

&)

EXTERNAL G(E*?) | EXTERNAL ©(E*?)

@ )
h(n) 0 h(n) 0
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Spin-2 Mediated: s - channel

EXTERNAL B(E*3) EXTERNAL G(E*3)

P
VERTEX = GI(E*) VERTEX = B(E2) I AR
0 - 0 I 0

EXTERNAL G(E*?) | EXTERNAL ©(E*?)

@
h(n) 0
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Spin-2 Mediated: s - channel

EXTERNAL B(E*3) EXTERNAL G(E*3)

VERTEX

EXTERNAL G(E*?) | EXTERNAL ©(E*?)

P
h(n) 0

i=0,1,2,3, ..
[1906.11098] [2002.12458]

July 24t 2020 D. Foren — Defense 69 of 95



Matrix Element: Total Matrix Element
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Helicity-Zero Elastic Process: Cancellations
6(s) 6(s%) 6(s%) 6(s?) G(s) 6(1)2
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Helicity-Zero Elastic Process: Cancellations
6(s) 6(s%) 6(s’) 6(s?) G(s)
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Cancellations
G(s°) G(s%) 6(s?) 6(s?) G(s) 6(1)2

‘Cs55+‘cs45+‘cs35+'Cszi+‘csE

Q s5 +‘ s4. +‘ $: +‘j52§+‘js§

6" | 6 | 663 | :
+Os* +QOs+Q s
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Helicity-Zero Elastic Process: Cancellations
6(s) 6(s%) 6(s’) 6(s?) G(s) 6(1) 2
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Helicity-Zero Elastic Process: Cancellations
6(s) 6(s%) 6(s%) 6(s?) G(s) 6(1)2
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Helicity-Zero Elastic Process: Cancellations
6(s) 6(s%) 6(s%) 6(s?) G(s) 6(1) 2
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Derivation of the @(s>) Sum Rule

9
RS Qrnnn o
—— (7 + cos(26)] sin” 4

2304 77 N??

ann;

_..' _ - . . .) |
————— |7 + cos(20)|sm” ¢

Y

n

EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEESR
2 [~ o] win2 g | 0
k= [T+ cos(20)] sin® 0 o
- Sl § Apni = Annnn
' 2304 wre mS, —




Derivation of the @(s>) Sum Rule

2
K< Qrnnn o o,
- T+ cos(26)]sin“ ¢

VYAINA e S
Z) (]4 T e 7 ”"‘?‘1

ann;

J 7 2723 S
———— |7+ cos(20)]sin” 0

Y

n

¢ . _ ¢ . R - . + o0
ﬁz[f-+—COS(29)}SHT20

9
Oy 6 A X ) 7Ll LTLTLTY
O 2304 7re mS 2 T,

=0

- Z ”} nn — Annnn R} (55) Sum Rule






Helicity-Zero Elastic Process: Sum Rules
6 (s°>) Sum Rule 6 (s*) Sum Rule

2 : 2 9
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Helicity-Zero Elastic Process: Sum Rules
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Helicity-Zero Elastic Process: Sum Rules
6 (s°>) Sum Rule 6 (s*) Sum Rule
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Helicity-Zero Elastic Process: Sum Rules
6 (s°>) Sum Rule 6 (s*) Sum Rule
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Helicity-Zero Elastic Process: Sum Rules
6 (s°>) Sum Rule 6 (s*) Sum Rule
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Helicity-Zero Elastic Process: Sum Rules
6 (s°>) Sum Rule 6 (s*) Sum Rule
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Helicity-Zero Elastic Process: O(s) Growth
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Helicity-Zero (1,1) - (1,1) : Cancellations

7 ys N inRS1 - 0 =4n/5

MINT Z ﬂ[ﬁ-’]to) ( E__I,C)‘_?U

MM = (1st N KK Modes)

Q: How does including
more terms in the
truncated sum affect
leading energy growth?

A: By increasing N, any
energy growth faster
than O(E?) increasingly
cancels. O(E?) remains.
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Helicity-Zero (1,4) — (2,3) : Cancellations

M ys N inRS1 - 8 =45/5

MINT Z ﬂ[ﬁ-’]to) ( E__I,C)‘_?U

MM = (1st N KK Modes)

Q: How does including
more terms in the
truncated sum affect
leading energy growth?

A: By increasing N, any
energy growth faster
than O(E?) increasingly
cancels. O(E?) remains.
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Strong Coupling Scale
s it consistent with expectations?

July 24t 2020 D. Foren — Defense 89 of 95



Strong Coupling Scale

(1,1)  (1,1)

(1,4) - (2,3)

Astrong

\’47(1‘\,,
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Finite Truncation at Low Energy
How many states should | include?
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Truncation at Low Energies: E=10 m,

| MM e | vs. N
E=10my ~ my kr. = 10

O(E'?) = (Full @ N)

4

O(E?) = (Full @ N) = Full

10*? | =] MMy MFuIII
- =1
M (c) ‘ —_— =2
Meun T 1 =0=3
o=4
-_—g =5
102
104
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Conclusion
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Future Work

- Bulk/Brane Matter - - Radion Stabilization -

add matter to... : a massless radion
; ' drives branes together

Radion can be stabilized through mixing:

massless massive

scalar radion bulk scalar
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- Contact Information -

Conclusion

forenden@msu.edu

- Further Reading -

“Scattering Amplitudes of Massive Spin-2

- DennisForen.com
Kaluza-Klein States Grow Only as 6(s)” }

[Phys. Rev. D 101, 055013] [arXiv:1906.11098] ,
/) @DennisForen

Twitt
“Sum Rules for Massive Spin-2 Kaluza-Klein —

Elastic Scattering Amplitudes”
[Phys. Rev. D 100, 115033] [arXiv:1910.06159]

“Massive Spin-2 Scattering Amplitudes
in Extra-Dimensional Theories”

[Phys. Rev. D 101, 075013] [arXiv: 2002.12458] Thank you for your
time and attention!

“Scattering Amplitudes in Theories
of Compactified Gravity”
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